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ABSTRACT: We study the supersymmetry enhancement of ABJM theory. Starting from a
N = 2 supersymmetric Chern-Simons matter theory with gauge group U(2)xU(2) which is
a truncated version of the ABJM theory, we find by using the monopole operator that there
is additional N' = 2 supersymmetry related to the gauge group. We show this additional
supersymmetry can combine with /' = 6 supersymmetry of the original ABJM theory to
an enhanced N' = 8 SUSY with gauge group U(2)xU(2) in the case k = 1,2. We also
discuss the supersymmetry enhancement of the ABJM theory with U(N)xU(N) gauge
group and find a condition which should be satisfied by the monopole operator.
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1 Introduction

There has been remarkable recent progress in understanding the worldvolume theory of
coincident M2-branes. This was initiated by Bagger and Lambert [1] and Gustavsson [2]
(BLG) who found an A/ = 8 Chern-Simons matter theory based on 3-algebra. Under the
assumption for Euclidean metric in the 3-algebra, the gauge group of the BLG theory is
restricted to SO(4). So the BLG theory can be reformulated as an ordinary Chern-Simons
gauge theory with SU(2)xSU(2) gauge group having opposite Chern-Simons levels k£ and
—k [3]. Inspired by BLG theory and subsequent developments, Aharony, Bergman, Jafferis,
and Maldacena (ABJM) proposed N/ = 6 Chern-Simons matter theory with U(N)xU(N)
gauge group [4]. The ABJM theory is believed as a low energy effective theory of multiple
M2-branes on orbifold C* /Zy. According to the developments related to the M2-brane
effective actions, the Chern-Simons matter theories with higher number (N > 4) of super-
symmetry were also constructed [5-7].

The ABJM theory with gauge group SU(2)xSU(2) is equivalent to the BLG theory as
proved in ref. [4]. So it has N/ = 8 supersymmetry regardless the Chern-Simons level k.
Unlike the SU(2)xSU(2) case, the ABJM theory has N' = 6 supersymmetry for generic k. It



was conjectured, however, that the ABJM theory has the additional N” = 2 supersymmetry
and becomes N = 8 theory at k = 1,2 [4].

The purpose of this paper is to find the additional N' = 2 supersymmetry explicitly and
prove the conjecture for supersymmetry enhancement in ABJM theory with U(1)xU(1)
and U(2)xU(2) gauge groups. We also propose a general formulation for the additional
supersymmetry in ABJM theory with U(N)xU(N) gauge group. To do so, we introduce a
local operator ng’ (or ng’) in the supersymmetry transformation rules, where a, b and &,l;
are the gauge indices of U(NN)y, and U(NN)gr gauge groups respectively. After some calcula-
tions we determine the condition for 7', which gives the additional N/ = 2 supersymmetry.
Since there are two gauge groups in ABJM theory, the matter fields are in bifundamental
or anti-bifundamental representations, which are interchanged with each other with the
action of T on these fields. For instance, a bifundamental scalar Y4 is changed to an
anti-bifundamental scalar TY 4 due to the index structure of 7. Actually T corresponds to
the monopole operator (often called 't Hooft operator), which was suggested in ref. [8]. For
an explicit study of monopole operators in the ABJM theory and related topics, see [9-16]

It is interesting that the supersymmetry parameter for the additional N' = 2 super-
symmetry includes gauge indices and crucially depends on the gauge group of the theory.
In this sense, the additional supersymmetry in ABJM theory is an exceptional one in
supersymmetric gauge theories.

For U(1)xU(1) case, T becomes the abelian monopole operator as we will see in the
subsection 2.1, and the additional supersymmetry is allowed for & = 1,2 cases due to the
orbifold structure of the transverse space. On the other hand, for SU(2)xSU(2) case, T is
expressed as the product of the SU(2) invariant tensors ¢ and €3> Which are independent
of the worldvolume coordinates, and the additional supersymmetry always exist for any
value of k. Therefore the additional supersymmetry seems to be allowed only for £ = 1,2
cases in U(N)xU(N) or SU(N)xSU(N) (N > 3) gauge groups, which are composed of
U(1) and SU(2) parts.

The rest of this paper is organized as follows. In section 2, we introduce a super-
conformal Chern-Simons matter theory which is a truncated version of the ABJM theory
but has the same supersymmetry enhancement properties with minimal number of matter
fields. We call this theory as the minimal model. The model has the same forms of the
kinetic terms for scalars and fermions and the Chern-Simons terms. And the matter field
part is composed of two complex scalars and fermions and so the fermionic and bosonic
potentials are different from those of ABJM theory. We explicitly show A = 2 supersym-
metry of the model having U (1) g symmetry and find the additional N' = 2 supersymmetry
for U(1)xU(1), SU(2)xSU(2), and U(2)xU(2) cases. In appendix A, we verify the su-
persymmetric invariance of the Lagrangian of the minimal model. In section 3, we prove
the conjecture for the supersymmetry enhancement in ABJM theory for U(1)xU(1) and
U(2)xU(2) cases at k = 1,2, and suggest a possible supersymmetry transformation rules
for the additional N' = 2 supersymmetry and corresponding condition in T for the general
U(N)xU(N) or SU(N)xSU(N) cases. In appendix B, we show that the procedure for the
minimal model can also be applied to ABJM theory. We conclude in section 4 with brief
summary and discussion.



Note Added. While this paper was being completed, a paper arXiv:0906.3568 [hep-
th][17] appeared, which also deals with supersymmetry enhancement of ABJM theory with

general gauge group based on 3-algebra.

2 Supersymmetry enhancement of a minimal model

Before taking into account the supersymmetry enhancement of ABJM theory, we con-
sider supersymmetry enhancement of a minimal model, which is a N/ = 2 superconformal
Chern-Simon matter theory and has the same supersymmetry enhancement behaviors with
those of ABJM theory. The model has the same kinetic terms for scalars and fermions,
Chern-Simons terms with gauge group U(N)xU(N)(or SU(N)xSU(N)) with the ABJM
theory. However, the minimal model has two complex scalars and fermions with global
SU(2)xU(1) symmetry, while ABJM theory has four complex scalars and fermions with
global SU(4)xU(1) symmetry. So the fermionic and bosonic potentials of this N' = 2
Chern-Simons theory are different from those of NV =6 ABJM theory.

Fields in the /' = 2 minimal model are composed of two gauge fields A, and flu, two
bifundamental bosonic fields Z4 and fermionic fields ¢4 with A = 1,2, and their Hermitian
conjugates Zil and 114 respectively. Z4 and ¢ with upper indices (ZL and ¥ 4 with lower
indices) are in the 2 (2) representation of the global SU(2). The gauge and matter fields
have gauge group indices for U(N)xU(N) (or SU(N)xSU(N)) as A%, A&B’ 2%, and ¢%.
And the conjugate fields are represented as Z T&b and wmb. Then the action with global
SU(2)xU(1) symmetry is given by*

5= / @1 (Lo + LS — Vieem — Vios) (2.1)
with
Lo = tr (=D, Z D24 + iy Dya ) (2.2)
E e 2i C 2
Los = =i (A4, + TAAA, — AduAy = TAAA, ), (2.3)
27
Vien = ——tr (24,2491 — 22 Zwu!® + 224 2w av!? — 22}, 250105),  (24)
4 2
Vios = %tr(ZLZAZLZBZTCZC + 2478 2P 71,2 71, — QZAZLZBZLZCZTC). (2.5)

where the covariant derivatives are defined as

D ZA = 0,2 +iA,z" —iZ4A,,
D2\ = 0,78 +iA,Z} —iZl A, (2.6)

We choose (2+1)-dimensional gamma matrices which satisfy y*7” = n/* 4", as 4° = io*, ' = o,

and 72 = ¢3. The suppressed spinor indices are expressed by €x = £%xa and Ev#x = %4 Py for the two
component spinors £ and x. The conventions of gauge indices for bosonic and fermionic fields are same as
those in ref. [18].



We can also obtain the action (2.1) by turning off two scalars and two fermions in the
N = 2 superspace formalism for BLG theory given in ref. [18]. The F-term potentials
vanish when we consider two complex fields only.

The action (2.1) is invariant under A/ = 2 supersymmetry transformation,

674 = icteByp,

578 = ieapytPe,

64 = €apDyZP"e + eapNPe,
sypth = —fereAny“DMZ;rB + €T6ABN;_;,

27
0A, = — <€T€AB’)/#¢BZL + eABZAquBWe) ,
" 2
0A, = % <€T6ABZLVM¢B + eAngBVMZA&“) , (2.7)
where we define
A_2T (LBt yA LAt B
Nt =2 (z82},24 - 24 2},27), (2.8)

and €28 and e 4p are the invariant tensors of the global SU(2) symmetry with €2 =g =1.
e and e' are the complex spinor parameter and its complex conjugate respectively. We prove
the supersymmetry transformation rules (2.7) in appendix A.1.

The action (2.1) has the additional N' = 2 supersymmetry depending on gauge group.
As we will see later, the supersymmetry enhancement behaviors of the A/ = 2 minimal
model are exactly same with those of ABJM theory. We find the additional supersymmetry
for the model (2.1) with gauge groups, U(1)xU(1), SU(2)xSU(2), and U(2)xU(2) cases.

2.1 U(1)xU(1) case

In U(1)xU(1) case, we combine the two gauge fields A, and A, into
L .
A=A, + A, (2.9)

where A: does not interact with all matter fields and the corresponding flux is quantized
via Chern-Simons terms, and A is the U(1) 4~ (from now on, we denote it as U(1)4-)
gauge field which will be used inside the covariant derivatives (2.6). The matter fields
(ZA4,1) in 2 representation of the global SU(2) have the U(1)4- charges (+,—), while
their Hermitian conjugates (ZL,¢A) in 2 representation have charges (—,+). Since all
matter fields are represented by complex numbers(not matrices) in this case, the fermionic
and bosonic potentials in ABJM theory vanish (See egs. (3.4) and (3.5)). Then the ABJM
action with U(1)xU(1) gauge group is reduced to

k
S = / 3z (—DMZLD“ZA + i AN D A + o e“”pAHF;;) . with A=1,2, (2.10)

where D, Z4 = 0,74 + iA;ZA and F;;t, = 0, Af — (9,,AZ.



;U' )
strength F ;;t, as a fundamental field and introduce a dual scalar field 7(x). In order to do

Since the covariant derivative in (2.10) depends only on A}, we can treat the field

so, we have to add

S—l

T 4n

/ dPx7(x)e" PO, F, (2.11)

to the action (2.10) [4, 19, 20|, which represent the Bianchi identity for the gauge field
strength F Jj, after we integrate out the auxiliary scalar field 7(x). Here 7(z) is 2m-periodic
due to the flux quantization [ d3zetvr aqup = 4mn with integer n. Then the equation of
motion of F lj‘y is given by
1

Ay =20 (2.12)
The gauge transformation, A, — A, +3,A, implies that 7(z) is transformed as 7 — 7+kA.
Though we fixed the gauge by taking 7 = 0, we can still perform gauge transformation
with A = 2?” from the periodic property of 7. This remaining symmetry implies

ZA ~ emilk z A, (2.13)

This means that the A/ = 2 minimal model (2.10) with U(1)xU(1) gauge symmetry is
reduced to the sigma model on C?/Z; orbifold, while the original ABJM theory with
U(1)xU(1) gauge group is reduced to the sigma model on C*/Z; orbifold. The form of
action (2.10) is equivalent to that of ABJM action with U(1)xU(1) gauge group, though
the number of fields in (2.10) is half of that in ABJM theory. So many of the physical
properties of the minimal model with U(1)xU(1) gauge group are similarly with those of
ABJM theory with the same gauge group. Especially these two theories have the same
supersymmetry enhancement properties.

Due to the abelian properties of matter fields in the minimal model with U(1)xU(1)
gauge group, the supersymmetry transformation rules in (2.7) are reduced to

624 = iefeByp,

578 = ieapyPe,

o4 = eapD,ZBMe,
&NA = —eTeABw"DHZL,

A 27
0A, =04, = % <€T€AB’YM1/}BZL + eABZAi/JTB’Wf) . (2.14)

As we see in the supersymmetry transformation rules of (2.14), the variations of bosonic
field Z4 in 2 representation of the global SU(2) is proportional to the fermionic field 14
in 2 representation. That is, the N/ = 2 supersymmetry (2.14) relates the bosonic and
fermionic fields with different global SU(2) representations. However, Z4 and 14 have the
same U(1)4- charges.

Now we try to find the additional A/ = 2 supersymmetry in the action (2.10). Differ-
ently from the N' = 2 supersymmetry given in (2.14), the additional supersymmetry relates



the bosonic and fermionic fields with opposite U(1)4- charges but with the same global
SU(2) representations. To compensate the U(1),— charge differences, we need to include
some abelian operator with two units U(1) 4~ charge in the supersymmetry transformation
rules of the additional ' = 2 supersymmetry, as suggested in ref. [8].

In order to find this kind of additional supersymmetry, we insert a local operator in
the expected transformation rules, and find a condition for the operator to give supersym-
metric invariance of the action (2.10). At first, we consider the following ansatz for the
supersymmetry transformation rules,

51 728 = id Ty 4,
st = Ty Dl 74,
514, =0, (2.15)

where 1 is the complex spinor parameter?, DIZ A = o7 44 iA,Z 4 and we introduce a
worldvolume dependent operator 7% = T™*(z) (complex conjugate of T') to compensate the
U(1)4- charge differences in the relations (2.15). As will be explained later, 7' becomes the
monopole operator. Here, we denoted the monopole operator as 7' in order to distinguish
from the monopole operator T for the general U(N)x U(N) case. T will also appear
in U(2)x U(2) case. We only analyzed half of the terms in obtaining the supersymmetry
transformation rules, since the remaining transformation rules are easily obtained by taking
complex conjugate for (2.15). Applying the ansatz (2.15), we obtain

§1L = — iy Dy 249" (0,T* — 2iA, T*) 1ba
k v — A _ % A +
- 4—6“ PA,L D, <? ET* y a2 — 51Ap> , (2.16)

7

up to total derivative terms. From the relation (2.16), we see that the A/ = 2 minimal
model (2.10) is invariant under the additional N' = 2 supersymmetry transformation (in-
cluding the complex conjugate of (2.15)),

674 = iTyt4e,

578 = igt T epa,

S = —TD, Zhy"e,

syi4 = Ty DfF 74,

A 27 /- R,

64, = 04, == (Tuty,Zhe + T4z, (2.17)

where D, ZL = 8MZI‘ —iA, ZL and T satisfies the following differential equation
0T + 2iA,; T = 0. (2.18)

Here we should notice, however, that the supersymmetry transformation rules (2.17) are
not satisfied for all integer values of k, due to the orbifolding of matter fields given in (2.13).

2Throughout this paper, the complex spinor parameter & and its complex conjugate ¢" will be used to
denote the additional N/ = 2 supersymmetry transformation rules.



From now on, we solve the equation (2.18) and try to figure out the properties of
the local operator T'(x). Under the gauge transformation, A, — A, + 0/, the matter
field (Z4, 4) with +1 U(1)4- charges, transform as (Z4, 1a) — e " (Z4, 14), while
(ZL, ¢4 with —1 U(1)4- charges transform as (Zi‘7 Ptd) — e”A(ZL, ). Similarly
from (2.18), we can easily see that T transforms as T — e AT under the same gauge
transformation, and so 7' has +2 U(1)4- charge. We can also check of the U(1)4- charge
of T' by solving the differential equation (2.18) directly. To guarantee the supersymme-
try (2.14) over the whole worldvolume region, we consider the regular T'(z) only. Then the
equation (2.18) implies that the U(1) 4~ gauge field A, is in pure gauge,

_ 1 .
Ay = 50unT, (2.19)

which corresponds to the result (2.12) by identifying
T(z) = Tye 2@k (2.20)

with a constant Tj. Equivalently T (z) can be expressed by the path independent local
Wilson line [4, 11]

T(z) = Tye? Je Andat (2.21)

which transforms as T — e~2*AT under the gauge transformation A, — AL+ 0,A. So we
can also check that the operator 7" has +2 U(1)4- charge. It was argued that attaching
the local Wilson line to matter fields, we can change the U(1)4- charges of the fields and
they are insensitive in the presence of the Wilson line [4, 11].

Due to the Chern-Simons term in the action (2.10), T'(z) becomes also the monopole
operator (often called as 't Hooft operator [21]), which induces the magnetic flux from the
position z. In three dimensional Chern-Simons matter theory, the Wilson line and 't Hooft
operator are equivalent [22], as we have seen the equivalence between (2.21) and (2.20)
which is the monopole operator.

Under a Zj, transformation for 7(z),

T(z) — 7(x) + 2m, (2.22)

T'(x) given in (2.20) transforms as

T(z) — e ™/F (). (2.23)
Therefore, the supersymmetry transformation rule is invariant under Zj transformation
only when k& = 1,2. It means that the orbifold (k > 3) structure of the transverse space
breaks the supersymmetry invariance for the additional supersymmetry (2.17) of the ac-
tion (2.10).

2.2 SU(2)xSU(2) case

The N' = 2 minimal model (2.1) with SU(2)xSU(2) gauge group has additional N’ = 2
supersymmetry, in addition to the N' = 2 supersymmetry given in (2.7). Unlike the



U(1)xU(1) case which allows the additional N' = 2 supersymmetry for k = 1,2 cases
only, for SU(2)xSU(2) case the additional N' = 2 supersymmetry we will consider in this
subsection does not depend on the value of the Chern-Simons level k. However, similarly to
the case of U(1)xU(1), the supersymmetric variation of bosonic fields are proportional to
fermionic fields with same representations of the global SU(2) but different gauge indices.

It turns out that the additional A/ = 2 supersymmetry transformation rules of the
matter fields in matrix notation are given by

6z4 = iptie,
578 = igtia,
§iha = —D,ZA*E — Nig,
sptd = gyt D, Z4 — eTNA,

27 /. - - 5
0A, = - <5TZAW¢A + T,Z)TAWZLe) ,
A 27 ~ ~ N
0A, = - <€T7M1/JAZA + ZLi/JTA’me?) ) (2.24)

where € is the complex spinor parameter and we define the fields with tilde notation

as follows,
~Aa _ ab - b
740, = ety 24, Zi¢ = ebe 7V
Ta ab 7tA Ab
w%a = Eabfabwiy wT Z = eabe&i)wT b
AG _ ab ; b
NAL = e, N4V, N = e®e N, (2.25)
Here eab(e&?’) is the invariant tensor of the gauge group SU(2).(SU(2)r) and we explicitly

denote the gauge indices for definiteness. In appendix A.2, we verify the invariance of the
action (2.1) under the supersymmetry transformation (2.24).

Since there is no U(1) 4~ gauge symmetry in SU(2)xSU(2) case, the sypersymmetry
transformation rules (2.24) do not include the monopole operators which do not allow the
additional N' = 2 supersymmetry for k£ > 2 cases. So the minimal model with SU(2)xSU(2)
gauge group has N = 4 supersymmetry for arbitrary value of k.

2.3 U(2)xU(2) with both cases united

We investigated the supersymmetry enhancement of the ' = 2 minimal model (2.1) in the
previous subsections. In U(1)xU(1) case, the N’ = 2 supersymmetry (2.15) is enhanced
to N' = 4 supersymmetry at £k = 1,2 only. In SU(2)xSU(2) case, however, the N' = 2
supersymmetry (2.15) is enhanced to A/ = 4 supersymmetry regardless the value of k.

Similarly to the cases of U(1)xU(1) and SU(2)xSU(2), we find the additional N' = 2



supersymmetry transformation rules for U(2)xU(2) gauge group as follows

6724 = iptiTe,
57N = iT*e 4,
Spa = —D,Z\A*TE — NI Tg,
sytd = Tretyrp, 24 — T et N4,
2w /- ~ ~ .
5Ay = = (TE 2 + 0, 2 T2)

) o /. N ~ 5
64, = == (T"E"0a2” + Zit,T2) | (2.26)

where N4 was defined in (2.25) and T is the abelian monopole operator given in (2.20)
or (2.21) with the U(1) - gauge field, A, = tr4, — trflu.

From (2.26), we can obtain the supersymmetry transformation (2.24) of SU(2)xSU(2)
case by removing the monopole operator 7. And also, we can obtain the supersymmetry
transformation (2.17) of U(1)xU(1) case from (2.26) by regarding all fields in (2.26) as
complex numbers without gauge indices. The reason is as follows. Dividing the gauge fields,
A, and flu, into the trace part and traceless part, we can also decompose the action (2.1)
with U(2)xU(2) gauge group into two parts with U(1)xU(1) and SU(2)xSU(2) gauge
groups respectively. The gauge fields can be rewritten as

A, =B, +0C,, A,=B,+C,,

where B, = tr(4,)% and B, = tr([lu)% with 2x2 identity matrix 1. Using the trace
property, we can rewrite the kinetic and Chern-Simons terms in (2.1) as

Lo =tr (~DuZ}DrZA + ity Dyipa)

+%Wﬂ%q&@+%@@@—@@@—%@@@) (2.27)

7

where the covariant derivative is decomposed by
Dz =0Z4 +i(B, — B,)Z* +iC, 2" —izAC,. (2.28)

Since there is no potential for U(1)xU(1) case, we can think that the potentials in
U(2)xU(2) case are decomposed into U(1)xU(1) part and SU(2)xSU(2) part already.
From these reasons, we can read the supersymmetry transformation rules (2.17) and (2.24)
from (2.26), and vice versa.

Since the supersymmetry transformation rules (2.26) include the monopole operator
T, according to the discussion of subsection 2.1 the supersymmetry of the A' = 2 minimal
model with U(2)xU(2) gauge group is enhanced to N' =4 for k = 1,2 cases only.



3 Supersymmetry enhancement of the ABJM theory with U(2)xU(2)
gauge group

The ABJM action with U(N)xU(N) gauge group at Chern-Simons level (k,—k) in SU(4)
invariant form is given by

S = / d®x (Lo + Lcs — Vierm — Vios) (3.1)

with
Lo = tr <—DMYjD“YA + iyt AN D A) : (3.2)

k 2i 2%
Los = e tr <AH8,,AP + 5 Ay A, — A,0,4, - §AﬂAwqp) , (3.3)
Vieem = 200t (VY AP — YA fusel® 4 2 A fuant® vy Buttes  (34)
- EABCDleﬁBYCWD - GABCDYATZJTBYCWD),
Vios = —é—zzu« (YjYAY;YBYCTYC +YAYIYBYIYOy] 1 ay v By lyAvive (3.5
— VALY Py v Oyl).

Here the complex scalars Y4, (A =1,--- ,4), the fermions 14 are in bifundamental repre-

sentation, and the covariant derivatives are same as (2.6).

The ABJM action (3.1) is invariant under N' = 6 supersymmetry transformation,

Y4 = iwiByp,
oV} = ipPuwap,

2 4
5a = VwapDY” + Twap(VPYEYC - YOVLYP) + Supcy Yy,

2T a7
ot = D, Yty AP (VY Y] - VY OY)) - ePOviv vy,

27
6Aw =~ @Y s + Y4 P y0an),
- 27
0A =~ WPV v + 9P Y Awap), (3.6)
where w8 = —wBA = (wap)* = $ABPucp.

3.1 U(2)xU(2) case

It was conjectured that the ABJM theory with U(/N)xU(N) gauge group has the additional
N = 2 supersymmetry at k = 1,2, in addition to N’ = 6 supersymmetry written in (3.6) [4].
Since the equivalence between the SU(2)xSU(2) ABJM theory and BLG theory which has
N = 8 supersymmetry was known in ref. [4] already, we know that the ABJM theory with
SU(2)xSU(2) gauge group has N/ = 8 supersymmetry without dependence of k, i.e. there
is N' = 2 supersymmetry enhancement in SU(2)xSU(2) case though the supersymmetry

,10,



transformation rules for component fields were not known up to now. In appendix B.1, we
verify the supersymmetry invariance of the ABJM theory with SU(2)xSU(2) gauge group
and find the corresponding additional N/ = 2 supersymmetry transformation rules. On the
other hand, for U(1)xU(1) case, the N’ = 2 minimal model and ABJM theory have the
same kinetic and Chern-Simons terms. So they have the same supersymmetric behaviors
for the additional A/ = 2 supersymmetry, though the numbers of matter fields are different.
Actually the additional N' = 2 supersymmetry given in (2.17) for U(1)xU(1) case does not
dependent on the number of matter fields.

As we discussed in the subsection 2.3, in order to obtain the additional supersym-
metry transformation rules of U(2)xU(2) we can combine the results of U(1)xU(1) and
SU(2)xSU(2) cases. The results are as follows:

SY A = iTytg,
§Y ! =gt T 4pa,
. ~ L~ 4 . -

6a = —TDYjy'e ~ TN} - o " eapcpY PV OY P,
. ~ . ~ 4 . ~

SptA = T&tyrp, VA — Traf N4 4+ i TABCPYIviviz,
27 (o - ~ - > -

64, =7 (T Ay + Tt ¥ je)

A 2 (e 4~ SRR N
0Au = (T b aY A+ Tijf‘we> , (3.7)

where Y4, ¢4, and N4 are defined in (2.25) by replacing Z with Y.

Similarly to the case of the N' = 2 minimal model with U(2)xU(2) gauge group
discussed in the subsection 2.3, the supersymmetry of the NV = 6 ABJM theory with
U(2)xU(2) gauge group is enhanced to ' = 8 for k = 1,2 cases due to the presence of the
abelian monopole operator 7.

3.2 Comments on U(N)xU(N) case

Now we try to extend our results to SU(N)xSU(N) case®. Here, we only give a sketchy
of the whole procedure whose explicit construction for the supersymmetry transformation
rules will complete of the supersymmetry enhancement in ABJM theory. The details will
be published elsewhere.

As we did in appendix to prove the supersymmetry invariance of the given Lagrangian
in Chern-Simons matter theory, we start from the following variations for the scalars

and fermions:

51Y1§&a = ZéTTgff[/}ZB’
atA% = ST DY A (3.8)

3Except for U(1)xU(1) factor, there is no difference between U(N)xU(N) and SU(N)xSU(N) cases in
obtaining supersymmetry transformation rules. As we have seen in the subsection 2.3, we can consider the
U(1)xU(1) part separately. So concentrating on SU(N)xSU(N) case can cover the U(N)xU(N) case also.
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where we denoted the gauge indices for concreteness. Since all the gauge groups except
for SU(2)xSU(2) include the U(1)xU(1) part, the local operator 1" transforms as 7' —
e~4/kT under the orbifold transformation for the generic gauge group. Therefore, the
supersymmetry transformation (3.8) is satisfied in the cases k = 1,2 only. Here DMYA%,
(a,b,...=1,2,...N;a, B, ...=1,2,...N), and its Hermitian conjugate are given by

DY A% =9,y iAnyAh —iyAd AL
DL, = 0,5, +idly ], —iv AL, (3.9)
The variation of Ly in (3.2) in matrix notation is given by
61L0 = tr( = DYDY + ity 4y4 Dya )
- tr< — id D, (T ) D*Y A + id T D, Y A" Do) A)
= u«( — TNV D T D, YA — %éTe“VpTFMVYA’Ypl/JA + %5* PTY AE, 0 A).
(3.10)

In the final step of (3.10) we integrated by part, dropped the total derivative term, and
used the following relation,

D, (TYa) = (D,T)pa+TDytpa. (3.11)
Denoting the gauge indices we can express the left hand side of (3.11) as
Dy(Ta)%, = (8MTC%))1/}ZB + Tfé’(auiﬁilg,) + iAZ@,Tgfiﬁia - iT&éwiéAza (3.12)
and the right hand side of (3.11) as
(DT VA, + (D), = (DT + T (300 + il — iwhedly) . (319
Combining (3.11), (3.12), and (3.13), we obtain
(D T)a%bA P sz’+  Aa.eb + i Ab ae _ ypab ge _ pab ge W (3.14)
wEJab® Ap m+ab tAyetap T WAL gh ey Apa — Mac App | ¥ 45 :
On the other hand, the variation of Lcg in (3.3) is given by
ko, .
6aLos = 7=t (FudA, = 04,F). (3.15)
T
Adding (3.10) and (3.15) we obtain
81Lo + 84 Les = — iy D, T8N, D, Y,

1._ -7 A 1. aby Ab 1oé
-5 fervppabpb 'y Syothhs + §5T6“VPT(%)Y béF:VB%?,Z)Z@

uve b
k uvp b c k urps Ab pé
+ EE FMVC6Apb — EE 6ApéF;LVIA)' (316)
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As we did in the relations (A.4) and (A.16) which appeared in proving the supersymmetry
invariance of the Chern-Simons matter theories, we first impose the vanishing of the right
hand side of (3.16). Then we obtain the variations for the gauge field and a condition for
T fg’ as follows:

27 3,4 ab
64z = Y A Tty

1é 2m aé. b 1A
51431; = ?JWLT&;CZZ)MY al;a (3.17)
(DT = 0, T8 +iALTD + i AL T —iTWD AC, —iTP A, = 0. (3.18)

The supersymmetry transformation rules for SU(N)xSU(N) case are read from (3.8)
and (3.17). Though Y3-terms in the variation of fermion fields, which are originated from
the variation of the potentials are not available, the rules (3.8) and (3.17) will be very useful
in finding the complete supersymmetry transformation rules in SU(N)xSU(N) case.

4 Conclusion

We investigated the supersymmetry enhancement behaviors of the ABJM theory. We
found the additional N' = 2 supersymmetry explicitly for U(1)xU(1) and U(2)xU(2) cases
at k = 1,2, by introducing the local operator 7 which is known as monopole opera-
tor. In obtaining the additional supersymmetry transformation rules, we started from the
verification of the supersymmetric invariance for the minimal model which has the same
supersymmetry enhancement properties as those of ABJM theory. The minimal model
is a N = 2 supersymmetric Chern-Simons matter theory with U(1)r symmetry and has
the same forms of the kinetic terms for scalars and fermions, the Chern-Simons terms.
The matter field part is composed of two complex scalars and fermions. We found the
explicit supersymmetry transformation rules for N’ = 2 supersymmetry coming from the
global symmetry and the additional N' = 2 supersymmetry originated from the gauge
part for U(1)xU(1) and U(2)xU(2) at k = 1,2. That is, the minimal model has N' = 4
supersymmetry at k=1, 2.

The procedure of the minimal model can be repeated to ABJM theory, and we proved
the conjecture for the supersymmetry enhancement for U(1)xU(1) and U(2)xU(2) cases.
We explicitly obtained the additional N' = 2 supersymmetry transformation rules by using
the monopole operator and showed N = 8 supersymmetry of ABJM theory. We also
studied the additional N = 2 supersymmetry for the generic gauge group U(N)xU(N)
case without the contribution from the potentials of ABJM theory, and derived a condition
for the monopole operator T, which satisfies first order coupled differential equation. Since
T has four indices, solving the coupled differential equations is nontrivial and we were
not able to complete the computation of Y3-terms in the variation of the fermion fields,
which seems to require a more lengthy calculation. But we believe that the variations for
the potential part give some additional condition for 7" and we can reduce the degrees of
freedom for T considerably.
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As the extensions of the works related to the AN/ = 6 supersymmetry of ABJM theory,
there are several directions we can consider by using the additional N' = 2 supersym-
metry (3.7), for instance, supersymmetry preserving mass deformation [7, 23-25], various
soliton solutions [24, 26-31].

We conclude with a final remark. Recently the non-relativistic limit of ABJM theory
was obtained in refs. [32, 33]. In the non-relativistic theories the N' = 6 part of supersym-
metry of ABJM theory was reduced to the kinematical, dynamical, and conformal charges.
It is also interesting to consider the non-relativistic reduction for the additional N = 2
part of supersymmetry of ABJM theory [34].
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A Supersymmetry of the A/ = 2 minimal model

A.1 Verification of (2.7)

Let us check the N' = 2 supersymmetry (2.7) of the action (2.1). As we did in the
U(1)xU(1) case in the subsection 2.1, we only check half of terms. The remaining half are
complex conjugate of them. From now on, we drop total derivatives in all calculational
procedures.

A supersymmetric variation of the kinetic term Ly (2.2) is given by

81 Lo = tr <—DMZLD“512A n iéleny”DyzpB>
1 1 R
= tr [ieprW <€T€AB’YPTZJBZL) — §6MWJ (g’reABZ;,prB) FW] , (A.1)

where F),, and F w are gauge field strengths of A, and Au respectively, and

512A = Z‘é“TEABIbB,

SpTP = €T€ABDﬂZL’yM. (A.2)
In the last step of (A.1), we used integration by part and

[D,, D)ZY =i, 28 —iZ\ F.

We add 6;Lp in (A.1) to supersymmetric variations of gauge fields in the Chern-
Simons terms,

k k -
5aLcs = tr <Ee‘“’pFW6AP - EE“VP(SAPFHV) :
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If we set the supersymmetric variations of gauge fields as follows,
27

0A, = —?aTeAB’yuzpBZT,
A 2w
5A, = —?HEABZLWB, (A.3)
we obtain
0 Ly+ 0aLcs = 0. (A.4)

Now we consider the variation of the kinetic part £y originated form the variations of
gauge fields,

6aLo = tr 125644 D, 2 — iD, ZL5 A ZC — §1Cy"6 Ac
~i8AMZ,D,ZC +iD, ZLZC6 A + 1Oy yod Ay (A.5)
Plugging (A.3) into (A.5), we obtain, after some algebra, the following relation,
6aLo = —tr (109" Db ) + 61 Vieem

- _52£0 + 51‘/ferm7 (Aﬁ)
where
2
Syt = _%J AB (ZLZCZg - ZgZCZD : (A.7)
271
Vierm = =t <ZLZA¢TB¢B — 222 pptB + 224 2L 4ptB — QZLZB¢TA¢B> . (A.8)

As a next step, we consider the variation of Vi, originated from 69018 given in (A.7),
2
52‘/ferm - Ttr <527/}TB¢BZ2[)ZD - 521/JTBZDZL¢B
+ 20, B 2Pz — 252¢TB¢DZ;ZD)
= _51Vb057 (AQ)

47
TR
Since there is no fermion field in the expression of V.5, we see that d1 Vs = (91 +02) Vhes =

IVhos-
From the relations, (A.2), (A.3), and (A.7), we obtain the total supersymmetric vari-

Vios = gtr (24242},252},2 + 242}, 2P 2},2€ 2}, - 224 2},2P 7}, 292}, ) . (A10)

ations for component fields,
6z = 6,24,
0T = 819 4 6™,

Then the total supersymmetric variation for the Lagrangian in (2.1) can be obtained from
the equations, (A.4), (A.6), and (A.9), as follows,

5(£0 + Lcs — Vierm — Vbos) =0L=0.

Adding the complex conjugate parts of the supersymmetry transformation rules, we prove
that the action (2.1) is invariant under the N' = 2 supersymmetry given in (2.7).
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A.2 Verification of (2.24)

As we did in the previous subsection, we start form a variation of the kinetic part £y given
in (2.2),

61L0 = tr (~Du1 2, D124 + i1t 45" Dy )
1 ) R L
=tr <—§e“”pFW(6TYA7p1/)A) + 56“ p(ewpiﬁAYA)Fw,) , (A.11)

where Y4 and ¢4 were defined in (2.25) and
012} = ieta,
59t = D, ZAe 1. (A.12)

In the last step of (A.11), we used the properties of SU(2) invariant tensors, ¢?* and ¢b

with gauge group indices a,b = 1, 2, for instance,
D, 2%, = 9,7, +iA% 74, iz AL,
— cbe (aﬂZAbI; t+idb, zA — z’ZAbéAZB>
= Wy (D 21 (A.13)
with the help of symmetric properties,

(eAu)ac = EabAZc = echZa = (EAM)CCU

(A,e)% = Azgebé = /‘iaﬁbd = (A )% (A.14)

By taking supersymmetry variations for the gauge fields, A, and Aw as

27 ~
5A, = = 1745 ,4ba,
~ 2 ~
5A, = ?eT%ﬂpAZA, (A.15)

we obtain the same relation given in (A.4), i.e.,
0Ly 4+ 04Lcs = 0. (A.16)
Now we consider the variations of the gauge fields in Ly, and obtain the following relation

6aL0 = tr( = 620" Do) + 61 Viemm
— _62£O + 51‘/ferma (A17)

where Vi was given in (A.8) and
Sorpt4 = —gT N4 (A.18)

with the definition of A in (2.25).
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From the variation 8214 in Viem, we can obtain the bosonic potential Vi,
52‘/ferm = _51Vbos = _5Vbosy (Alg)

where the expression of Vj,os was given in (A.10). During the calculational procedures in
obtaining (A.17) and (A.19), we frequently used the following relations
EabPaQbRc — eab(_PcQa + PaQC)Rb,
(EV1) (ars) = —(ETba) (gih1) — (Tab3) (1hathr),
(EVyuth1) (o ihs) = —2(Tb3) (1h11pa) — (ET0p1) (Waibs), (A.20)
where P, ), and R are arbitrary fields with gauge indices and 11, 12, and 13 are arbitrary
fermion fields.

Combining the relations (A.16), (A.17), and (A.19), as we did in the previous subsec-
tion, we can verify the supersymmetry transformation rules given in (2.24).

B Supersymmetry of ABJM theory

B.1 SU(2)xSU(2) case

If we replace Z with Y and extend the SU(2) global indices A, B,... = 1,2 to the SU(4)
global indices A, B, ... =1,2,3,4 in (2.1), the kinetic and Chern-Simons terms are exactly
same with those in (3.1), while the fermionic and bosonic potentials have different forms
in the two actions. In this reason, in order to verify the additional N’ = 2 supersymmetry
invariance given in (3.7) (without T') in ABJM theory with SU(2)xSU(2) gauge group,
we use the results given in the subsection A.2. The results in the subsection A.2 are
summarized in ABJM theory side, as follows,

01Lo +daLlcs =0,
daLo + 2Ly — 01 Vierm1 = 0,
02 Verm1 + 01Vhos1 = 0, (B.1)
where
5 Y1 =it
oyt = D, YAg",
ooyt = —eT N4,

21 ~
5Au = i TYA'YuwAy
2T, -
5Auzzj;ﬂdﬂ¢AYA (B.2)

with N44, = e@e,, 28 (Y By [y A — y Ay [y By and
2mi
Vierm = —otr (VY0120 — YAV Jupy!® + 27 Ay fuap'® -2y [y Putdyp) . (B.3)
2

4
1@%1:_gfu<YjYAYgYBngC-FYAYjYBYgYng—2yﬂygyByjYCyg). (B.4)
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In the next, we consider a supersymmetry variation of Vie, defined as

vaerm2 = ‘/ferm - V’ferml

2711
= (EABCDY;{#JBYCT&/}D - eABCDYAszBYCW) , (B.5)
where Vierm and Vierm were defined in (3.4) and (B.3) respectively.
Then we find
5 _ Ami ABCD g vt b S1b1AY By tCy D
1Vierm2 = k tr(e YUY bp — €apcpd1p' Y PpIMY
= 639 47" Dyt
= 9u(i839a7 ™) + i 44" Db, (B.6)
where
4 .
S3tha = —3—ZEABCD5TYBYCYD. (B.7)
Here we used the facts that
tr (EABCD(leijngD) —0,
- 1 .
tr (EABCDDMYA&:WY%TCYD> = —ctr <eABCDYBYCYDéTfy“DM¢TA> . (BSY)
After slightly long algebra, we obtain
52‘/}erm2 = _53‘/ferm17 (Bg)

where
aVieems = “otr (eancopdnst Y IOV D)
SVieemt = —tr (8304 FY PUH — Gty PV
+ 205040 BY AV — 2650 AYgYAwB).

As a final step we check 03Viermo and find the corresponding bosonic potential. By

ABCD

expending e eaprc and using the properties of the SU(2) invariant tensors, we finally

find the following relation

53‘/ferm2 = —51Vb052, (BlO)
where
e
53‘/ferm2 = _%Ztr <€ABCD53ZZ)AYBJIT;Z)CY£> ’
167 tv Ay ty By Ty C AvtvByvty Oyt
Vhosz = — - tr (YAY ViV By yC 4 vAY iy By )y oy

Py Ay - sy Ay Privevd) . Ba)
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From these results we find

Vbosl + Vb052 = Vbos,

where V5 is the bosonic potential of ABJM theory. From (B.1), (B.6), (B.9), and (B.10),
we prove that the ABJM action (3.1) is invariant under the supersymmetry transformation
rule (3.7) (without T'), which can be obtained from (B.2) and (B.7), and their complex
conjugates.
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