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1 Introduction

There has been remarkable recent progress in understanding the worldvolume theory of

coincident M2-branes. This was initiated by Bagger and Lambert [1] and Gustavsson [2]

(BLG) who found an N = 8 Chern-Simons matter theory based on 3-algebra. Under the

assumption for Euclidean metric in the 3-algebra, the gauge group of the BLG theory is

restricted to SO(4). So the BLG theory can be reformulated as an ordinary Chern-Simons

gauge theory with SU(2)×SU(2) gauge group having opposite Chern-Simons levels k and

−k [3]. Inspired by BLG theory and subsequent developments, Aharony, Bergman, Jafferis,

and Maldacena (ABJM) proposed N = 6 Chern-Simons matter theory with U(N)×U(N)

gauge group [4]. The ABJM theory is believed as a low energy effective theory of multiple

M2-branes on orbifold C4/Zk. According to the developments related to the M2-brane

effective actions, the Chern-Simons matter theories with higher number (N ≥ 4) of super-

symmetry were also constructed [5–7].

The ABJM theory with gauge group SU(2)×SU(2) is equivalent to the BLG theory as

proved in ref. [4]. So it has N = 8 supersymmetry regardless the Chern-Simons level k.

Unlike the SU(2)×SU(2) case, the ABJM theory has N = 6 supersymmetry for generic k. It
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was conjectured, however, that the ABJM theory has the additional N = 2 supersymmetry

and becomes N = 8 theory at k = 1, 2 [4].

The purpose of this paper is to find the additional N = 2 supersymmetry explicitly and

prove the conjecture for supersymmetry enhancement in ABJM theory with U(1)×U(1)

and U(2)×U(2) gauge groups. We also propose a general formulation for the additional

supersymmetry in ABJM theory with U(N)×U(N) gauge group. To do so, we introduce a

local operator T ab
âb̂

(or T âb̂
ab ) in the supersymmetry transformation rules, where a, b and â, b̂

are the gauge indices of U(N)L and U(N)R gauge groups respectively. After some calcula-

tions we determine the condition for T , which gives the additional N = 2 supersymmetry.

Since there are two gauge groups in ABJM theory, the matter fields are in bifundamental

or anti-bifundamental representations, which are interchanged with each other with the

action of T on these fields. For instance, a bifundamental scalar Y A is changed to an

anti-bifundamental scalar TY A due to the index structure of T . Actually T corresponds to

the monopole operator (often called ’t Hooft operator), which was suggested in ref. [8]. For

an explicit study of monopole operators in the ABJM theory and related topics, see [9–16]

It is interesting that the supersymmetry parameter for the additional N = 2 super-

symmetry includes gauge indices and crucially depends on the gauge group of the theory.

In this sense, the additional supersymmetry in ABJM theory is an exceptional one in

supersymmetric gauge theories.

For U(1)×U(1) case, T becomes the abelian monopole operator as we will see in the

subsection 2.1, and the additional supersymmetry is allowed for k = 1, 2 cases due to the

orbifold structure of the transverse space. On the other hand, for SU(2)×SU(2) case, T is

expressed as the product of the SU(2) invariant tensors ǫab and ǫâb̂, which are independent

of the worldvolume coordinates, and the additional supersymmetry always exist for any

value of k. Therefore the additional supersymmetry seems to be allowed only for k = 1, 2

cases in U(N)×U(N) or SU(N)×SU(N) (N ≥ 3) gauge groups, which are composed of

U(1) and SU(2) parts.

The rest of this paper is organized as follows. In section 2, we introduce a super-

conformal Chern-Simons matter theory which is a truncated version of the ABJM theory

but has the same supersymmetry enhancement properties with minimal number of matter

fields. We call this theory as the minimal model. The model has the same forms of the

kinetic terms for scalars and fermions and the Chern-Simons terms. And the matter field

part is composed of two complex scalars and fermions and so the fermionic and bosonic

potentials are different from those of ABJM theory. We explicitly show N = 2 supersym-

metry of the model having U(1)R symmetry and find the additional N = 2 supersymmetry

for U(1)×U(1), SU(2)×SU(2), and U(2)×U(2) cases. In appendix A, we verify the su-

persymmetric invariance of the Lagrangian of the minimal model. In section 3, we prove

the conjecture for the supersymmetry enhancement in ABJM theory for U(1)×U(1) and

U(2)×U(2) cases at k = 1, 2, and suggest a possible supersymmetry transformation rules

for the additional N = 2 supersymmetry and corresponding condition in T for the general

U(N)×U(N) or SU(N)×SU(N) cases. In appendix B, we show that the procedure for the

minimal model can also be applied to ABJM theory. We conclude in section 4 with brief

summary and discussion.
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Note Added. While this paper was being completed, a paper arXiv:0906.3568 [hep-

th][17] appeared, which also deals with supersymmetry enhancement of ABJM theory with

general gauge group based on 3-algebra.

2 Supersymmetry enhancement of a minimal model

Before taking into account the supersymmetry enhancement of ABJM theory, we con-

sider supersymmetry enhancement of a minimal model, which is a N = 2 superconformal

Chern-Simon matter theory and has the same supersymmetry enhancement behaviors with

those of ABJM theory. The model has the same kinetic terms for scalars and fermions,

Chern-Simons terms with gauge group U(N)×U(N)(or SU(N)×SU(N)) with the ABJM

theory. However, the minimal model has two complex scalars and fermions with global

SU(2)×U(1) symmetry, while ABJM theory has four complex scalars and fermions with

global SU(4)×U(1) symmetry. So the fermionic and bosonic potentials of this N = 2

Chern-Simons theory are different from those of N = 6 ABJM theory.

Fields in the N = 2 minimal model are composed of two gauge fields Aµ and Âµ, two

bifundamental bosonic fields ZA and fermionic fields ψA with A = 1, 2, and their Hermitian

conjugates Z†
A and ψ†A respectively. ZA and ψ†A with upper indices (Z†

A and ψA with lower

indices) are in the 2 (2̄) representation of the global SU(2). The gauge and matter fields

have gauge group indices for U(N)×U(N) (or SU(N)×SU(N)) as Aa
b, Â

â
b̂
, Za

b̂
, and ψa

b̂
.

And the conjugate fields are represented as Z†â
b and ψ†â

b. Then the action with global

SU(2)×U(1) symmetry is given by1

S =

∫

d3x (L0 + LCS − Vferm − Vbos) (2.1)

with

L0 = tr
(

−DµZ
†
AD

µZA + iψ†AγµDµψA

)

, (2.2)

LCS =
k

4π
ǫµνρ tr

(

Aµ∂νAρ +
2i

3
AµAνAρ − Âµ∂νÂρ −

2i

3
ÂµÂνÂρ

)

, (2.3)

Vferm =
2πi

k
tr

(

Z†
AZ

Aψ†BψB − ZAZ†
AψBψ

†B + 2ZAZ†
BψAψ

†B − 2Z†
AZ

Bψ†AψB

)

, (2.4)

Vbos =
4π2

k2
tr

(

Z†
AZ

AZ†
BZ

BZ†
CZ

C + ZAZ†
AZ

BZ†
BZ

CZ†
C − 2ZAZ†

BZ
BZ†

AZ
CZ†

C

)

. (2.5)

where the covariant derivatives are defined as

DµZ
A = ∂µZ

A + iAµZ
A − iZAÂµ,

DµZ
†
A = ∂µZ

†
A + iÂµZ

†
A − iZ†

AAµ. (2.6)

1We choose (2+1)-dimensional gamma matrices which satisfy γµγν = ηµν + ǫµνργρ as γ0 = iσ2, γ1 = σ1,

and γ2 = σ3. The suppressed spinor indices are expressed by ξχ ≡ ξαχα and ξγµχ = ξαγµ β
α χβ for the two

component spinors ξ and χ. The conventions of gauge indices for bosonic and fermionic fields are same as

those in ref. [18].
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We can also obtain the action (2.1) by turning off two scalars and two fermions in the

N = 2 superspace formalism for BLG theory given in ref. [18]. The F-term potentials

vanish when we consider two complex fields only.

The action (2.1) is invariant under N = 2 supersymmetry transformation,

δZA = iε†ǫABψB ,

δZ†
A = iǫABψ

†Bε,

δψA = ǫABDµZ
Bγµε+ ǫABN

Bε,

δψ†A = −ε†ǫABγµDµZ
†
B + ε†ǫABN †

B ,

δAµ = −
2π

k

(

ε†ǫABγµψBZ
†
A + ǫABZ

Aψ†Bγµε
)

,

δÂµ = −
2π

k

(

ε†ǫABZ†
AγµψB + ǫABψ

†BγµZ
Aε

)

, (2.7)

where we define

NA ≡
2π

k

(

ZBZ†
BZ

A − ZAZ†
BZ

B
)

, (2.8)

and ǫAB and ǫAB are the invariant tensors of the global SU(2) symmetry with ǫ12 = ǫ12 = 1.

ε and ε† are the complex spinor parameter and its complex conjugate respectively. We prove

the supersymmetry transformation rules (2.7) in appendix A.1.

The action (2.1) has the additional N = 2 supersymmetry depending on gauge group.

As we will see later, the supersymmetry enhancement behaviors of the N = 2 minimal

model are exactly same with those of ABJM theory. We find the additional supersymmetry

for the model (2.1) with gauge groups, U(1)×U(1), SU(2)×SU(2), and U(2)×U(2) cases.

2.1 U(1)×U(1) case

In U(1)×U(1) case, we combine the two gauge fields Aµ and Âµ into

A±
µ ≡ Aµ ± Âµ, (2.9)

where A+
µ does not interact with all matter fields and the corresponding flux is quantized

via Chern-Simons terms, and A−
µ is the U(1)A− (from now on, we denote it as U(1)A−)

gauge field which will be used inside the covariant derivatives (2.6). The matter fields

(ZA, ψ†A) in 2 representation of the global SU(2) have the U(1)A− charges (+,−), while

their Hermitian conjugates (Z†
A, ψA) in 2̄ representation have charges (−,+). Since all

matter fields are represented by complex numbers(not matrices) in this case, the fermionic

and bosonic potentials in ABJM theory vanish (See eqs. (3.4) and (3.5)). Then the ABJM

action with U(1)×U(1) gauge group is reduced to

S =

∫

d3x

(

−DµZ
†
AD

µZA + iψ†AγµDµψA +
k

4π
ǫµνρA−

µF
+
νρ

)

, with A = 1, 2, (2.10)

where DµZ
A = ∂µZ

A + iA−
µZ

A and F+
µν = ∂µA

+
ν − ∂νA

+
µ .
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Since the covariant derivative in (2.10) depends only on A−
µ , we can treat the field

strength F+
µν as a fundamental field and introduce a dual scalar field τ(x). In order to do

so, we have to add

S =
1

4π

∫

d3x τ(x)ǫµνρ∂µF
+
νρ (2.11)

to the action (2.10) [4, 19, 20], which represent the Bianchi identity for the gauge field

strength F+
µν , after we integrate out the auxiliary scalar field τ(x). Here τ(x) is 2π-periodic

due to the flux quantization
∫

d3xǫµνρ ∂µF
+
νρ = 4πn with integer n. Then the equation of

motion of F+
µν is given by

A−
µ =

1

k
∂µτ. (2.12)

The gauge transformation, A−
µ → A−

µ +∂µΛ, implies that τ(x) is transformed as τ → τ+kΛ.

Though we fixed the gauge by taking τ = 0, we can still perform gauge transformation

with Λ = 2π
k from the periodic property of τ . This remaining symmetry implies

ZA ∼ e2πi/k ZA. (2.13)

This means that the N = 2 minimal model (2.10) with U(1)×U(1) gauge symmetry is

reduced to the sigma model on C2/Zk orbifold, while the original ABJM theory with

U(1)×U(1) gauge group is reduced to the sigma model on C4/Zk orbifold. The form of

action (2.10) is equivalent to that of ABJM action with U(1)×U(1) gauge group, though

the number of fields in (2.10) is half of that in ABJM theory. So many of the physical

properties of the minimal model with U(1)×U(1) gauge group are similarly with those of

ABJM theory with the same gauge group. Especially these two theories have the same

supersymmetry enhancement properties.

Due to the abelian properties of matter fields in the minimal model with U(1)×U(1)

gauge group, the supersymmetry transformation rules in (2.7) are reduced to

δZA = iε†ǫABψB ,

δZ†
A = iǫABψ

†Bε,

δψA = ǫABDµZ
Bγµε,

δψ†A = −ε†ǫABγµDµZ
†
B ,

δAµ = δÂµ = −
2π

k

(

ε†ǫABγµψBZ
†
A + ǫABZ

Aψ†Bγµε
)

. (2.14)

As we see in the supersymmetry transformation rules of (2.14), the variations of bosonic

field ZA in 2 representation of the global SU(2) is proportional to the fermionic field ψA

in 2̄ representation. That is, the N = 2 supersymmetry (2.14) relates the bosonic and

fermionic fields with different global SU(2) representations. However, ZA and ψA have the

same U(1)A− charges.

Now we try to find the additional N = 2 supersymmetry in the action (2.10). Differ-

ently from the N = 2 supersymmetry given in (2.14), the additional supersymmetry relates

– 5 –
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the bosonic and fermionic fields with opposite U(1)A− charges but with the same global

SU(2) representations. To compensate the U(1)A− charge differences, we need to include

some abelian operator with two units U(1)A− charge in the supersymmetry transformation

rules of the additional N = 2 supersymmetry, as suggested in ref. [8].

In order to find this kind of additional supersymmetry, we insert a local operator in

the expected transformation rules, and find a condition for the operator to give supersym-

metric invariance of the action (2.10). At first, we consider the following ansatz for the

supersymmetry transformation rules,

δ1Z
†
A = iε̃†Ť ∗ψA,

δ1ψ
†A = ε̃†Ť ∗γµD+

µ Z
A,

δ1A
−
µ = 0, (2.15)

where ε̃† is the complex spinor parameter2, D+
µ Z

A = ∂µZ
A + iA−

µZ
A, and we introduce a

worldvolume dependent operator Ť ∗ = Ť ∗(x) (complex conjugate of Ť ) to compensate the

U(1)A− charge differences in the relations (2.15). As will be explained later, Ť becomes the

monopole operator. Here, we denoted the monopole operator as Ť in order to distinguish

from the monopole operator T for the general U(N)× U(N) case. Ť will also appear

in U(2)× U(2) case. We only analyzed half of the terms in obtaining the supersymmetry

transformation rules, since the remaining transformation rules are easily obtained by taking

complex conjugate for (2.15). Applying the ansatz (2.15), we obtain

δ1L = − iε̃†γµD+
µ Z

Aγν
(

∂ν Ť
∗ − 2iA−

ν Ť
∗
)

ψA

−
k

4π
ǫµνρA−

µ ∂ν

(

4π

k
ε̃†Ť ∗γρψAZ

A − δ1A
+
ρ

)

, (2.16)

up to total derivative terms. From the relation (2.16), we see that the N = 2 minimal

model (2.10) is invariant under the additional N = 2 supersymmetry transformation (in-

cluding the complex conjugate of (2.15)),

δZA = iŤψ†Aε̃,

δZ†
A = iε̃†Ť ∗ψA,

δψA = −ŤD−
µ Z

†
Aγ

µε̃,

δψ†A = ε̃†Ť ∗γµD+
µ Z

A,

δAµ = δÂµ =
2π

k

(

Ť ψ†AγµZ
†
Aε̃+ ε̃†Ť ∗γµψAZ

A
)

, (2.17)

where D−
µ Z

†
A = ∂µZ

†
A − iA−

µZ
†
A and Ť satisfies the following differential equation

∂µŤ + 2iA−
µ Ť = 0. (2.18)

Here we should notice, however, that the supersymmetry transformation rules (2.17) are

not satisfied for all integer values of k, due to the orbifolding of matter fields given in (2.13).

2Throughout this paper, the complex spinor parameter ε̃ and its complex conjugate ε̃† will be used to

denote the additional N = 2 supersymmetry transformation rules.
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From now on, we solve the equation (2.18) and try to figure out the properties of

the local operator Ť (x). Under the gauge transformation, A−
µ → A−

µ + ∂µΛ, the matter

field (ZA, ψA) with +1 U(1)A− charges, transform as (ZA, ψA) → e−iΛ(ZA, ψA), while

(Z†
A, ψ

†A) with −1 U(1)A− charges transform as (Z†
A, ψ

†A) → e+iΛ(Z†
A, ψ

†A). Similarly

from (2.18), we can easily see that Ť transforms as Ť → e−2iΛŤ under the same gauge

transformation, and so Ť has +2 U(1)A− charge. We can also check of the U(1)A− charge

of Ť by solving the differential equation (2.18) directly. To guarantee the supersymme-

try (2.14) over the whole worldvolume region, we consider the regular Ť (x) only. Then the

equation (2.18) implies that the U(1)A− gauge field A−
µ is in pure gauge,

A−
µ =

i

2
∂µ ln Ť , (2.19)

which corresponds to the result (2.12) by identifying

Ť (x) = Ť0e
−2iτ(x)/k (2.20)

with a constant Ť0. Equivalently Ť (x) can be expressed by the path independent local

Wilson line [4, 11]

Ť (x) = Ť0e
2i

R ∞
x

A−
µ dxµ

, (2.21)

which transforms as Ť → e−2iΛŤ under the gauge transformation A−
µ → A−

µ + ∂µΛ. So we

can also check that the operator Ť has +2 U(1)A− charge. It was argued that attaching

the local Wilson line to matter fields, we can change the U(1)A− charges of the fields and

they are insensitive in the presence of the Wilson line [4, 11].

Due to the Chern-Simons term in the action (2.10), Ť (x) becomes also the monopole

operator (often called as ’t Hooft operator [21]), which induces the magnetic flux from the

position x. In three dimensional Chern-Simons matter theory, the Wilson line and ’t Hooft

operator are equivalent [22], as we have seen the equivalence between (2.21) and (2.20)

which is the monopole operator.

Under a Zk transformation for τ(x),

τ(x) → τ(x) + 2π, (2.22)

Ť (x) given in (2.20) transforms as

Ť (x) → e−4πi/kŤ (x). (2.23)

Therefore, the supersymmetry transformation rule is invariant under Zk transformation

only when k = 1, 2. It means that the orbifold (k ≥ 3) structure of the transverse space

breaks the supersymmetry invariance for the additional supersymmetry (2.17) of the ac-

tion (2.10).

2.2 SU(2)×SU(2) case

The N = 2 minimal model (2.1) with SU(2)×SU(2) gauge group has additional N = 2

supersymmetry, in addition to the N = 2 supersymmetry given in (2.7). Unlike the

– 7 –
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U(1)×U(1) case which allows the additional N = 2 supersymmetry for k = 1, 2 cases

only, for SU(2)×SU(2) case the additional N = 2 supersymmetry we will consider in this

subsection does not depend on the value of the Chern-Simons level k. However, similarly to

the case of U(1)×U(1), the supersymmetric variation of bosonic fields are proportional to

fermionic fields with same representations of the global SU(2) but different gauge indices.

It turns out that the additional N = 2 supersymmetry transformation rules of the

matter fields in matrix notation are given by

δZA = iψ̃†Aε̃,

δZ†
A = iε̃†ψ̃A,

δψA = −DµZ̃
†
Aγ

µε̃− Ñ †
Aε̃,

δψ†A = ε̃†γµDµZ̃
A − ε̃†ÑA,

δAµ =
2π

k

(

ε̃†ZAγµψ̃A + ψ̃†AγµZ
†
Aε̃

)

,

δÂµ =
2π

k

(

ε̃†γµψ̃AZ
A + Z†

Aψ̃
†Aγµε̃

)

, (2.24)

where ε̃ is the complex spinor parameter and we define the fields with tilde notation

as follows,

Z̃Aâ
a ≡ ǫâb̂ǫabZ

Ab
b̂
, Z̃†a

A â ≡ ǫabǫâb̂Z
†b̂
A b,

ψ̃â
Aa ≡ ǫâb̂ǫabψ

b
Ab̂
, ψ̃†Aa

â ≡ ǫabǫâb̂ψ
†Ab̂

b,

ÑAâ
a ≡ ǫâb̂ǫabN

Ab
b̂
, Ñ †a

A â ≡ ǫabǫâb̂N
†b̂
A b. (2.25)

Here ǫab(ǫ
âb̂) is the invariant tensor of the gauge group SU(2)L(SU(2)R) and we explicitly

denote the gauge indices for definiteness. In appendix A.2, we verify the invariance of the

action (2.1) under the supersymmetry transformation (2.24).

Since there is no U(1)A− gauge symmetry in SU(2)×SU(2) case, the sypersymmetry

transformation rules (2.24) do not include the monopole operators which do not allow the

additional N = 2 supersymmetry for k > 2 cases. So the minimal model with SU(2)×SU(2)

gauge group has N = 4 supersymmetry for arbitrary value of k.

2.3 U(2)×U(2) with both cases united

We investigated the supersymmetry enhancement of the N = 2 minimal model (2.1) in the

previous subsections. In U(1)×U(1) case, the N = 2 supersymmetry (2.15) is enhanced

to N = 4 supersymmetry at k = 1, 2 only. In SU(2)×SU(2) case, however, the N = 2

supersymmetry (2.15) is enhanced to N = 4 supersymmetry regardless the value of k.

Similarly to the cases of U(1)×U(1) and SU(2)×SU(2), we find the additional N = 2

– 8 –
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supersymmetry transformation rules for U(2)×U(2) gauge group as follows

δZA = iψ̃†AŤ ε̃,

δZ†
A = iŤ ∗ε̃†ψ̃A,

δψA = −DµZ̃
†
Aγ

µŤ ε̃− Ñ †
AŤ ε̃,

δψ†A = Ť ∗ε̃†γµDµZ̃
A − Ť ∗ε̃†ÑA,

δAµ =
2π

k

(

Ť ∗ε̃†ZAγµψ̃A + ψ̃†AγµZ
†
AŤ ε̃

)

,

δÂµ =
2π

k

(

Ť ∗ε̃†γµψ̃AZ
A + Z†

Aψ̃
†AγµŤ ε̃

)

, (2.26)

where ÑA was defined in (2.25) and Ť is the abelian monopole operator given in (2.20)

or (2.21) with the U(1)A− gauge field, A−
µ = trAµ − trÂµ.

From (2.26), we can obtain the supersymmetry transformation (2.24) of SU(2)×SU(2)

case by removing the monopole operator Ť . And also, we can obtain the supersymmetry

transformation (2.17) of U(1)×U(1) case from (2.26) by regarding all fields in (2.26) as

complex numbers without gauge indices. The reason is as follows. Dividing the gauge fields,

Aµ and Âµ, into the trace part and traceless part, we can also decompose the action (2.1)

with U(2)×U(2) gauge group into two parts with U(1)×U(1) and SU(2)×SU(2) gauge

groups respectively. The gauge fields can be rewritten as

Aµ = Bµ + Cµ, Âµ = B̂µ + Ĉµ,

where Bµ = tr(Aµ)1

2 and B̂µ = tr(Âµ)1

2 with 2×2 identity matrix 1. Using the trace

property, we can rewrite the kinetic and Chern-Simons terms in (2.1) as

L0 =tr
(

−DµZ
†
AD

µZA + iψ†AγµDµψA

)

,

LCS =
k

4π

(

Bµ∂νBρ − B̂µ∂νB̂ρ

)

+
k

4π
ǫµνρ tr

(

Cµ∂νCρ +
2i

3
CµCνCρ − Ĉµ∂νĈρ −

2i

3
ĈµĈνĈρ

)

, (2.27)

where the covariant derivative is decomposed by

DµZ
A = ∂ZA + i(Bµ − B̂µ)ZA + iCµZ

A − iZAĈµ. (2.28)

Since there is no potential for U(1)×U(1) case, we can think that the potentials in

U(2)×U(2) case are decomposed into U(1)×U(1) part and SU(2)×SU(2) part already.

From these reasons, we can read the supersymmetry transformation rules (2.17) and (2.24)

from (2.26), and vice versa.

Since the supersymmetry transformation rules (2.26) include the monopole operator

Ť , according to the discussion of subsection 2.1 the supersymmetry of the N = 2 minimal

model with U(2)×U(2) gauge group is enhanced to N = 4 for k = 1, 2 cases only.

– 9 –
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3 Supersymmetry enhancement of the ABJM theory with U(2)×U(2)

gauge group

The ABJM action with U(N)×U(N) gauge group at Chern-Simons level (k,−k) in SU(4)

invariant form is given by

S =

∫

d3x (L0 + LCS − Vferm − Vbos) (3.1)

with

L0 = tr
(

−DµY
†
AD

µY A + iψ†AγµDµψA

)

, (3.2)

LCS =
k

4π
ǫµνρ tr

(

Aµ∂νAρ +
2i

3
AµAνAρ − Âµ∂νÂρ −

2i

3
ÂµÂνÂρ

)

, (3.3)

Vferm =
2πi

k
tr

(

Y †
AY

Aψ†BψB − Y AY †
AψBψ

†B + 2Y AY †
BψAψ

†B − 2Y †
AY

Bψ†AψB (3.4)

+ ǫABCDY †
AψBY

†
CψD − ǫABCDY

Aψ†BY Cψ†D
)

,

Vbos = −
4π2

3k2
tr

(

Y †
AY

AY †
BY

BY †
CY

C + Y AY †
AY

BY †
BY

CY †
C + 4Y †

AY
BY †

CY
AY †

BY
C (3.5)

− 6Y AY †
BY

BY †
AY

CY †
C

)

.

Here the complex scalars Y A, (A = 1, · · · , 4), the fermions ψA are in bifundamental repre-

sentation, and the covariant derivatives are same as (2.6).

The ABJM action (3.1) is invariant under N = 6 supersymmetry transformation,

δY A = iωABψB ,

δY †
A = iψ†BωAB,

δψA = γµωABDµY
B +

2π

k
ωAB(Y BY †

CY
C − Y CY †

CY
B) +

4π

k
ωBCY

BY †
AY

C ,

δψ†A = −DµY
†
Bω

ABγµ +
2π

k
ωAB(Y †

CY
CY †

B − Y †
BY

CY †
C) −

4π

k
ωBCY †

BY
AY †

C ,

δAµ = −
2π

k
(ωABY †

AγµψB + Y Aψ†BγµωAB),

δÂµ = −
2π

k
(ωABY †

AγµψB + ψ†BγµY
AωAB), (3.6)

where ωAB = −ωBA = (ωAB)∗ = 1
2 ǫ

ABCDωCD.

3.1 U(2)×U(2) case

It was conjectured that the ABJM theory with U(N)×U(N) gauge group has the additional

N = 2 supersymmetry at k = 1, 2, in addition to N = 6 supersymmetry written in (3.6) [4].

Since the equivalence between the SU(2)×SU(2) ABJM theory and BLG theory which has

N = 8 supersymmetry was known in ref. [4] already, we know that the ABJM theory with

SU(2)×SU(2) gauge group has N = 8 supersymmetry without dependence of k, i.e. there

is N = 2 supersymmetry enhancement in SU(2)×SU(2) case though the supersymmetry

– 10 –
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transformation rules for component fields were not known up to now. In appendix B.1, we

verify the supersymmetry invariance of the ABJM theory with SU(2)×SU(2) gauge group

and find the corresponding additional N = 2 supersymmetry transformation rules. On the

other hand, for U(1)×U(1) case, the N = 2 minimal model and ABJM theory have the

same kinetic and Chern-Simons terms. So they have the same supersymmetric behaviors

for the additional N = 2 supersymmetry, though the numbers of matter fields are different.

Actually the additional N = 2 supersymmetry given in (2.17) for U(1)×U(1) case does not

dependent on the number of matter fields.

As we discussed in the subsection 2.3, in order to obtain the additional supersym-

metry transformation rules of U(2)×U(2) we can combine the results of U(1)×U(1) and

SU(2)×SU(2) cases. The results are as follows:

δY A = iŤ ψ̃†Aε̃,

δY †
A = iε̃†Ť ∗ψ̃A,

δψA = −ŤDµỸ
†
Aγ

µε̃− Ť Ñ †
Aε̃−

4π

3k
Ť ∗ε̃†ǫABCDY

BỸ CY D,

δψ†A = Ť ∗ε̃†γµDµỸ
A − Ť ∗ε̃†ÑA +

4π

3k
Ť ǫABCDY †

BỸ
†
CY

†
Dε̃,

δAµ =
2π

k

(

Ť ∗ε̃†Y Aγµψ̃A + Ť ψ̃†AγµY
†
Aε̃

)

,

δÂµ =
2π

k

(

Ť ∗ε̃†γµψ̃AY
A + Ť Y †

Aψ̃
†Aγµε̃

)

, (3.7)

where Ỹ A, ψ̃A, and ÑA are defined in (2.25) by replacing Z with Y .

Similarly to the case of the N = 2 minimal model with U(2)×U(2) gauge group

discussed in the subsection 2.3, the supersymmetry of the N = 6 ABJM theory with

U(2)×U(2) gauge group is enhanced to N = 8 for k = 1, 2 cases due to the presence of the

abelian monopole operator Ť .

3.2 Comments on U(N)×U(N) case

Now we try to extend our results to SU(N)×SU(N) case3. Here, we only give a sketchy

of the whole procedure whose explicit construction for the supersymmetry transformation

rules will complete of the supersymmetry enhancement in ABJM theory. The details will

be published elsewhere.

As we did in appendix to prove the supersymmetry invariance of the given Lagrangian

in Chern-Simons matter theory, we start from the following variations for the scalars

and fermions:

δ1Y
†â
A a = iε̃†T âb̂

ab ψ
b
Ab̂
,

δ1ψ
†Aâ

a = ε̃†T âb̂
ab γ

µDµY
Ab

b̂
, (3.8)

3Except for U(1)×U(1) factor, there is no difference between U(N)×U(N) and SU(N)×SU(N) cases in

obtaining supersymmetry transformation rules. As we have seen in the subsection 2.3, we can consider the

U(1)×U(1) part separately. So concentrating on SU(N)×SU(N) case can cover the U(N)×U(N) case also.

– 11 –
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where we denoted the gauge indices for concreteness. Since all the gauge groups except

for SU(2)×SU(2) include the U(1)×U(1) part, the local operator T transforms as T →

e−4πi/kT under the orbifold transformation for the generic gauge group. Therefore, the

supersymmetry transformation (3.8) is satisfied in the cases k = 1, 2 only. Here DµY
Aa

â,

(a, b, . . . = 1, 2, . . . N ; â, b̂, . . . = 1, 2, . . . N), and its Hermitian conjugate are given by

DµY
Aa

â = ∂µY
Aa

â + iAa
µbY

Ab
â − iY Aa

b̂
Âb̂

µâ,

DµY
†â
A a = ∂µY

†â
A a + iÂâ

µb̂
Y †b̂

A a − iY †â
A bA

b
µa. (3.9)

The variation of L0 in (3.2) in matrix notation is given by

δ1L0 = tr
(

−Dµδ1Y
†
AD

µY A + iδ1ψ
†AγµDµψA

)

= tr
(

− iε̃†Dµ(TψA)DµY A + iε̃†TDµY
AγµγνDνψA

)

= tr

(

− iε̃†γνγµDµTψADνY
A −

1

2
ε̃†ǫµνρTFµνY

AγρψA +
1

2
ε̃†ǫµνρTY AF̂µνγρψA

)

.

(3.10)

In the final step of (3.10) we integrated by part, dropped the total derivative term, and

used the following relation,

Dµ(TψA) = (DµT )ψA + TDµψA. (3.11)

Denoting the gauge indices we can express the left hand side of (3.11) as

Dµ(TψA)âa = (∂µT
âb̂
ab )ψb

Ab̂
+ T âb̂

ab (∂µψ
b
Ab̂

) + iÂâ
µb̂
T b̂ĉ

acψ
c
Aĉ − iT âĉ

bc ψ
c
AĉA

b
µa (3.12)

and the right hand side of (3.11) as

((DµT )ψA)âa + (TDµψA)âa = (DµT )âb̂
abψ

b
Ab̂

+ T âb̂
ab

(

∂µψ
b
Ab̂

+ iAb
µcψ

c
Ab̂

− iψb
AĉÂ

ĉ
µb̂

)

. (3.13)

Combining (3.11), (3.12), and (3.13), we obtain

(DµT )âb̂
abψ

b
Ab̂

=
[

∂µT
âb̂
ab + iÂâ

µĉT
ĉb̂
ab + iÂb̂

µĉT
âĉ
ab − iT âb̂

cb A
c
µa − iT âb̂

acA
c
µb

]

ψb
Ab̂
. (3.14)

On the other hand, the variation of LCS in (3.3) is given by

δALCS =
k

4π
ǫµνρtr

(

FµνδAρ − δÂρF̂µν

)

. (3.15)

Adding (3.10) and (3.15) we obtain

δ1L0 + δALCS = − iε̃†γνγµDµT
âb̂
abψ

b
Ab̂
DνY

Aa
â

−
1

2
ε̃†ǫµνρT âb̂

abF
b
µνcY

Ac
b̂
γρψ

a
Aâ +

1

2
ε̃†ǫµνρT âb̂

ab Y
Ab

ĉF̂
ĉ
µνb̂
γρψ

a
Aâ

+
k

4π
ǫµνρF b

µνcδA
c
ρb −

k

4π
ǫµνρδÂb̂

ρĉF̂
ĉ
µνb̂
. (3.16)
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As we did in the relations (A.4) and (A.16) which appeared in proving the supersymmetry

invariance of the Chern-Simons matter theories, we first impose the vanishing of the right

hand side of (3.16). Then we obtain the variations for the gauge field and a condition for

T âb̂
ab as follows:

δAa
µb =

2π

k
ε̃†Y Aa

âγµT
âb̂
bc ψ

c
Ab̂
,

δÂâ
µb̂

=
2π

k
ε̃†γµT

âĉ
ab ψ

b
AĉY

Aa
b̂
, (3.17)

(DµT )âb̂
ab = ∂µT

âb̂
ab + iÂâ

µĉT
ĉb̂
ab + iÂb̂

µĉT
âĉ
ab − iT âb̂

cb A
c
µa − iT âb̂

acA
c
µb = 0. (3.18)

The supersymmetry transformation rules for SU(N)×SU(N) case are read from (3.8)

and (3.17). Though Y 3-terms in the variation of fermion fields, which are originated from

the variation of the potentials are not available, the rules (3.8) and (3.17) will be very useful

in finding the complete supersymmetry transformation rules in SU(N)×SU(N) case.

4 Conclusion

We investigated the supersymmetry enhancement behaviors of the ABJM theory. We

found the additional N = 2 supersymmetry explicitly for U(1)×U(1) and U(2)×U(2) cases

at k = 1, 2, by introducing the local operator Ť which is known as monopole opera-

tor. In obtaining the additional supersymmetry transformation rules, we started from the

verification of the supersymmetric invariance for the minimal model which has the same

supersymmetry enhancement properties as those of ABJM theory. The minimal model

is a N = 2 supersymmetric Chern-Simons matter theory with U(1)R symmetry and has

the same forms of the kinetic terms for scalars and fermions, the Chern-Simons terms.

The matter field part is composed of two complex scalars and fermions. We found the

explicit supersymmetry transformation rules for N = 2 supersymmetry coming from the

global symmetry and the additional N = 2 supersymmetry originated from the gauge

part for U(1)×U(1) and U(2)×U(2) at k = 1, 2. That is, the minimal model has N = 4

supersymmetry at k = 1, 2.

The procedure of the minimal model can be repeated to ABJM theory, and we proved

the conjecture for the supersymmetry enhancement for U(1)×U(1) and U(2)×U(2) cases.

We explicitly obtained the additional N = 2 supersymmetry transformation rules by using

the monopole operator and showed N = 8 supersymmetry of ABJM theory. We also

studied the additional N = 2 supersymmetry for the generic gauge group U(N)×U(N)

case without the contribution from the potentials of ABJM theory, and derived a condition

for the monopole operator T , which satisfies first order coupled differential equation. Since

T has four indices, solving the coupled differential equations is nontrivial and we were

not able to complete the computation of Y 3-terms in the variation of the fermion fields,

which seems to require a more lengthy calculation. But we believe that the variations for

the potential part give some additional condition for T and we can reduce the degrees of

freedom for T considerably.
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As the extensions of the works related to the N = 6 supersymmetry of ABJM theory,

there are several directions we can consider by using the additional N = 2 supersym-

metry (3.7), for instance, supersymmetry preserving mass deformation [7, 23–25], various

soliton solutions [24, 26–31].

We conclude with a final remark. Recently the non-relativistic limit of ABJM theory

was obtained in refs. [32, 33]. In the non-relativistic theories the N = 6 part of supersym-

metry of ABJM theory was reduced to the kinematical, dynamical, and conformal charges.

It is also interesting to consider the non-relativistic reduction for the additional N = 2

part of supersymmetry of ABJM theory [34].
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A Supersymmetry of the N = 2 minimal model

A.1 Verification of (2.7)

Let us check the N = 2 supersymmetry (2.7) of the action (2.1). As we did in the

U(1)×U(1) case in the subsection 2.1, we only check half of terms. The remaining half are

complex conjugate of them. From now on, we drop total derivatives in all calculational

procedures.

A supersymmetric variation of the kinetic term L0 (2.2) is given by

δ1L0 = tr
(

−DµZ
†
AD

µδ1Z
A + iδ1ψ

†BγνDνψB

)

= tr

[

1

2
ǫµνρFµν

(

ε†ǫABγρψBZ
†
A

)

−
1

2
ǫµνρ

(

ε†ǫABZ†
AγρψB

)

F̂µν

]

, (A.1)

where Fµν and F̂µν are gauge field strengths of Aµ and Âµ respectively, and

δ1Z
A = iε†ǫABψB ,

δ1ψ
†B = ε†ǫABDµZ

†
Aγ

µ. (A.2)

In the last step of (A.1), we used integration by part and

[Dµ, Dν ]Z
†
A = iF̂µνZ

†
A − iZ†

AFµν .

We add δ1L0 in (A.1) to supersymmetric variations of gauge fields in the Chern-

Simons terms,

δALCS = tr

(

k

4π
ǫµνρFµνδAρ −

k

4π
ǫµνρδÂρF̂µν

)

.
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If we set the supersymmetric variations of gauge fields as follows,

δAµ = −
2π

k
ε†ǫABγµψBZ

†
A,

δÂµ = −
2π

k
ε†ǫABZ†

AγµψB , (A.3)

we obtain

δ1L0 + δALCS = 0. (A.4)

Now we consider the variation of the kinetic part L0 originated form the variations of

gauge fields,

δAL0 = tr
[

iZ†
CδA

µDµZ
C − iDµZ

†
CδA

µZC − ψ†CγµδAµψC

−iδÂµZ†
CDµZ

C + iDµZ
†
CZ

CδÂµ + ψ†CγµψCδÂµ

]

. (A.5)

Plugging (A.3) into (A.5), we obtain, after some algebra, the following relation,

δAL0 = −tr
(

iδ2ψ
†BγµDµψB

)

+ δ1Vferm

= −δ2L0 + δ1Vferm, (A.6)

where

δ2ψ
†B = −

2π

k
ε†ǫAB

(

Z†
AZ

CZ†
C − Z†

CZ
CZ†

A

)

, (A.7)

Vferm =
2πi

k
tr

(

Z†
AZ

Aψ†BψB − ZAZ†
AψBψ

†B + 2ZAZ†
BψAψ

†B − 2Z†
AZ

Bψ†AψB

)

. (A.8)

As a next step, we consider the variation of Vferm originated from δ2ψ
†B given in (A.7),

δ2Vferm =
2πi

k
tr

(

δ2ψ
†BψBZ

†
DZ

D − δ2ψ
†BZDZ†

DψB

+ 2δ2ψ
†BZDZ†

BψD − 2δ2ψ
†BψDZ

†
BZ

D
)

= −δ1Vbos, (A.9)

where

Vbos =
4π

k2
tr

(

Z†
AZ

AZ†
BZ

BZ†
CZ

C + ZAZ†
AZ

BZ†
BZ

CZ†
C − 2ZAZ†

BZ
BZ†

AZ
CZ†

C

)

. (A.10)

Since there is no fermion field in the expression of Vbos, we see that δ1Vbos = (δ1+δ2)Vbos =

δVbos.

From the relations, (A.2), (A.3), and (A.7), we obtain the total supersymmetric vari-

ations for component fields,

δZA = δ1Z
A,

δψ†A = δ1ψ
†A + δ2ψ

†A.

Then the total supersymmetric variation for the Lagrangian in (2.1) can be obtained from

the equations, (A.4), (A.6), and (A.9), as follows,

δ(L0 + LCS − Vferm − Vbos) = δL = 0.

Adding the complex conjugate parts of the supersymmetry transformation rules, we prove

that the action (2.1) is invariant under the N = 2 supersymmetry given in (2.7).
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A.2 Verification of (2.24)

As we did in the previous subsection, we start form a variation of the kinetic part L0 given

in (2.2),

δ1L0 = tr
(

−Dµδ1Z
†
AD

µZA + iδ1ψ
†AγνDνψA

)

= tr

(

−
1

2
ǫµνρFµν(ε̃†Y Aγρψ̃A) +

1

2
ǫµνρ(ε̃†γρψ̃AY

A)F̂µν

)

, (A.11)

where Ỹ A and ψ̃A were defined in (2.25) and

δ1Z
†
A = iε̃†ψ̃A,

δ1ψ
†A = DµZ̃

Aε̃†γµ. (A.12)

In the last step of (A.11), we used the properties of SU(2) invariant tensors, ǫab and ǫâb̂

with gauge group indices a, b = 1, 2, for instance,

DµZ̃
Aâ

a = ∂µZ̃
â

a + iÂâ
µb̂
Z̃Ab̂

a − iZ̃Aâ
bA

b
µa

= ǫâb̂ǫab

(

∂µZ
Ab

b̂
+ iAb

µcZ
Ac

b̂
− iZAb

ĉÂ
ĉ
µb̂

)

= ǫâb̂ǫab(DµZ
A)b

b̂
(A.13)

with the help of symmetric properties,

(ǫAµ)ac = ǫabA
b
µc = ǫcbA

b
µa = (ǫAµ)ca,

(Âµǫ)
âĉ = Ââ

µb̂
ǫb̂ĉ = Âĉ

µb̂
ǫb̂â = (Âµǫ)

ĉâ. (A.14)

By taking supersymmetry variations for the gauge fields, Aµ and Âµ, as

δAµ =
2π

k
ε̃†ZAγµψ̃A,

δÂµ =
2π

k
ε̃†γµψ̃AZ

A, (A.15)

we obtain the same relation given in (A.4), i.e.,

δ1L0 + δALCS = 0. (A.16)

Now we consider the variations of the gauge fields in L0, and obtain the following relation

δAL0 = tr
(

− iδ2ψ
†AγµDµψA

)

+ δ1Vferm

= −δ2L0 + δ1Vferm, (A.17)

where Vferm was given in (A.8) and

δ2ψ
†A = −ε̃†ÑA (A.18)

with the definition of ÃA in (2.25).
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From the variation δ2ψ
†A in Vferm, we can obtain the bosonic potential Vbos,

δ2Vferm = −δ1Vbos = −δVbos, (A.19)

where the expression of Vbos was given in (A.10). During the calculational procedures in

obtaining (A.17) and (A.19), we frequently used the following relations

ǫabP
aQbRc = ǫab(−P

cQa + P aQc)Rb,

(ε̃†ψ1)(ψ2ψ3) = −(ε̃†ψ2)(ψ3ψ1) − (ε̃†ψ3)(ψ2ψ1),

(ε̃†γµψ1)(ψ2γ
µψ3) = −2(ε̃†ψ3)(ψ1ψ2) − (ε̃†ψ1)(ψ2ψ3), (A.20)

where P , Q, and R are arbitrary fields with gauge indices and ψ1, ψ2, and ψ3 are arbitrary

fermion fields.

Combining the relations (A.16), (A.17), and (A.19), as we did in the previous subsec-

tion, we can verify the supersymmetry transformation rules given in (2.24).

B Supersymmetry of ABJM theory

B.1 SU(2)×SU(2) case

If we replace Z with Y and extend the SU(2) global indices A,B, . . . = 1, 2 to the SU(4)

global indices A,B, . . . = 1, 2, 3, 4 in (2.1), the kinetic and Chern-Simons terms are exactly

same with those in (3.1), while the fermionic and bosonic potentials have different forms

in the two actions. In this reason, in order to verify the additional N = 2 supersymmetry

invariance given in (3.7) (without Ť ) in ABJM theory with SU(2)×SU(2) gauge group,

we use the results given in the subsection A.2. The results in the subsection A.2 are

summarized in ABJM theory side, as follows,

δ1L0 + δALCS = 0,

δAL0 + δ2L0 − δ1Vferm1 = 0,

δ2Vferm1 + δ1Vbos1 = 0, (B.1)

where

δ1Y
†
A = iε̃†ψ̃A,

δ1ψ
†A = DµỸ

Aε̃†γµ,

δ2ψ
†A = −ε̃†ÑA,

δAµ =
2π

k
ε̃†Y Aγµψ̃A,

δÂµ =
2π

k
ε̃†γµψ̃AY

A (B.2)

with ÑAâ
a = ǫâb̂ǫab

2π
k (Y BY †

BY
A − Y AY †

BY
B)b

b̂
, and

Vferm1 =
2πi

k
tr

(

Y †
AY

Aψ†BψB − Y AY †
AψBψ

†B + 2Y AY †
BψAψ

†B − 2Y †
AY

Bψ†AψB

)

, (B.3)

Vbos1 =
4π2

k2
tr

(

Y †
AY

AY †
BY

BY †
CY

C + Y AY †
AY

BY †
BY

CY †
C − 2Y AY †

BY
BY †

AY
CY †

C

)

. (B.4)
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In the next, we consider a supersymmetry variation of Vferm defined as

Vferm2 = Vferm − Vferm1

=
2πi

k
tr

(

ǫABCDY †
AψBY

†
CψD − ǫABCDY

Aψ†BY Cψ†D
)

, (B.5)

where Vferm and Vferm1 were defined in (3.4) and (B.3) respectively.

Then we find

δ1Vferm2 =
4πi

k
tr

(

ǫABCDδ1Y
†
AψBY

†
CψD − ǫABCDδ1ψ

†AY Bψ†CY D
)

= iδ3ψAγ
µDµψ

†A

= ∂µ(iδ3ψAγ
µψ†A) + iψ†AγµDµδ3ψA, (B.6)

where

δ3ψA = −
4π

3k
ǫABCDε̃

†Y BỸ CY D. (B.7)

Here we used the facts that

tr
(

ǫABCDδ1Y
†
AψBY

†
CψD

)

= 0,

tr
(

ǫABCDDµỸ
Aε̃†γµY Bψ†CY D

)

= −
1

3
tr

(

ǫABCDY
BỸ CY Dε̃†γµDµψ

†A
)

. (B.8)

After slightly long algebra, we obtain

δ2Vferm2 = −δ3Vferm1, (B.9)

where

δ2Vferm2 =
4πi

k
tr

(

ǫABCDδ2ψ
†AY Bψ†CY D

)

,

δ3Vferm1 =
2πi

k
tr

(

δ3ψAY
†
BY

Bψ†A − δ3ψAψ
†AY BY †

B

+ 2δ3ψAψ
†BY AY †

B − 2δ3ψAY
†
BY

Aψ†B
)

.

As a final step we check δ3Vferm2 and find the corresponding bosonic potential. By

expending ǫABCDǫAEFG and using the properties of the SU(2) invariant tensors, we finally

find the following relation

δ3Vferm2 = −δ1Vbos2, (B.10)

where

δ3Vferm2 = −
4πi

k
tr

(

ǫABCDδ3ψAY
†
BψCY

†
D

)

,

Vbos2 = −
16π2

3k2
tr

(

Y †
AY

AY †
BY

BY †
CY

C + Y AY †
AY

BY †
BY

CY †
C

+Y †
AY

BY †
CY

AY †
BY

C − 3Y AY †
BY

BY †
AY

CY †
C

)

. (B.11)
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From these results we find

Vbos1 + Vbos2 = Vbos,

where Vbos is the bosonic potential of ABJM theory. From (B.1), (B.6), (B.9), and (B.10),

we prove that the ABJM action (3.1) is invariant under the supersymmetry transformation

rule (3.7) (without Ť ), which can be obtained from (B.2) and (B.7), and their complex

conjugates.
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